We establish purely geometric or metric-based criteria for the validity of the separate universe ansatz, under which the evolution of small-scale observables in a long-wavelength perturbation is indistinguishable from a separate Friedmann-Robertson-Walker cosmology in their angle average. In order to be able to identify the local volume expansion and curvature in a long-wavelength perturbation with those of the separate universe, we show that the lapse perturbation must be much smaller in amplitude than the curvature potential on a time slicing that comoves with the Einstein tensor. Interpreting the Einstein tensor as an effective stress energy tensor, the condition is that the effective stress energy comoves with freely falling synchronous observers who establish the local expansion, so that the local curvature is conserved. By matching the expansion history of these synchronous observers in cosmological simulations, one can establish and test consistency relations even in the nonlinear regime of modified gravity theories.
We establish purely geometric or metric-based criteria for the validity of the separate universe ansatz, under which the evolution of small-scale observables in a long-wavelength perturbation is indistinguishable from a separate Friedmann-Robertson-Walker cosmology in their angle average. In order to be able to identify the local volume expansion and curvature in a long-wavelength perturbation with those of the separate universe, we show that the lapse perturbation must be much smaller in amplitude than the curvature potential on a time slicing that comoves with the Einstein tensor. Interpreting the Einstein tensor as an effective stress energy tensor, the condition is that the effective stress energy comoves with freely falling synchronous observers who establish the local expansion, so that the local curvature is conserved. By matching the expansion history of these synchronous observers in cosmological simulations, one can establish and test consistency relations even in the nonlinear regime of modified gravity theories.
I. INTRODUCTION
In the separate universe approach, the impact of a long-wavelength cosmological perturbation on local, short-wavelength observables is modeled as a change in the background cosmology. This technique has proven very useful both conceptually and as a practical tool for constructing consistency relations between observables that hold nonlinearly. Separate universe arguments provide insights into relations between N -point functions [1, 2] , the evolution of isocurvature fluctuations in multifield models [3] [4] [5] [6] , shifts in baryon acoustic oscillations [7] , super sample power spectrum covariance [8, 9] , position dependent power spectra [10] [11] [12] , CMB lensing covariance [13] , and dark matter halo bias [14] [15] [16] [17] .
In all of these studies, general relativity is assumed from the outset and so the Einstein equations allow the validity of the separate universe to be established through a mix of conditions on the metric and the stress-energy of the matter such that a local observer will see a constant comoving local curvature [18] [19] [20] [21] , which is the essential requirement for the construction to work. In the following, we elucidate purely geometric conditions for the validity of the separate universe ansatz, with an eye toward extending these applications to non-Einsteinian gravity theories.
Previous works on this question have focused on the infinite wavelength limit, where the perturbed metric is matched exactly to a separate Friedmann-RobertsonWalker (FRW) cosmology [22] or have tested the ansatz in the context of specific models [23] [24] [25] [26] and parameterizations [27] [28] [29] [30] [31] of modified gravity. Since the scale at which the separate universe ansatz ceases to hold determines where observational violations of consistency relations occur, e.g. scale dependent halo bias and squeezed N -point functions [32, 33] , we seek to establish conditions under which the separate universe ansatz approximately holds. In doing so, we also clarify the role of anisotropic stress, real or effective, and shear in the expansion in these conditions. The outline of the paper is as follows. In §II we consider the geometric correspondence between perturbations in the Einstein tensor and the local expansion and curvature. We establish the comoving lapse condition for the validity of the separate universe ansatz and relate it to conservation of curvature for synchronous and comoving local observers in §III. In §IV, we discuss the scales associated with validity of the separate universe ansatz and discuss these results in §V.
II. LOCAL EXPANSION AND CURVATURE
In this section, we establish the relationship between metric perturbations and the local expansion and curvature, utilizing the geometric interpretation of the Einstein tensor and its covariant conservation. These associations can be made in any gauge and any metric theory of gravity. However absorbing the perturbations into a local FRW expansion requires further restrictions that highlight special choices of time slicing for §III. We work in the mostly plus metric convention throughout.
A. Background Geometry
Given a background FRW spacetime with line element,
where γ ij is a 3-metric of constant comoving curvature K, the Einstein tensor is d ln a/dt. Here R (3) = 6K/a 2 is the 3-Ricci scalar and defines the physical curvature scale, |R (3) | −1/2 , that comoves with the expansion. The combination of 00 and ii components characterizes the acceleration of the expansion. To avoid an overly cumbersome notation, we omit overbars to denote these background values since perturbations are always designated as such below. When referring to the resummed local background, we use the subscript W for the locally windowed average below.
B. Metric Perturbations
Let us perturb the metric in an arbitrary gauge following Ref. [18, 19] . The most general metric perturbation we can write is of the form
It is convenient to decompose these metric perturbations in two ways. First we Hodge decompose the vector, B i , and tensor, E ij perturbations:
where the vectors, B T i , E T j are divergence free, and the tensor E T T ij is transverse and traceless. We are interested in absorbing the scalar metric perturbations into a local background and drop the divergence free and transverse traceless pieces from consideration hereafter.
Second, it is helpful to make a harmonic decomposition of the scalar components of the metric. The harmonics themselves are the complete and orthogonal set of eigenmodes of the spatial Laplace operator
Orthogonality, or more fundamentally the homogeneity and isotropy of the background, means that we can consider each eigenmode independently for linear perturbations. Because we consider one eigenmode at a time, we omit the k index for clarity. These eigenmodes are plane waves when K = 0, Q = e ik·x , and in this case our treatment reduces to the usual Fourier decomposition of a general spatial perturbation, examined one mode at a time. For details of the decomposition in the K = 0 cases, see Ref. [34] . To build the scalar component of B i and E ij it is useful to introduce
whose indices are raised and lowered by γ ij , which also defines the covariant spatial derivative ∇ i . Our normalization conventions for Q i and Q ij are established to keep the harmonic space representation of metric perturbations dimensionless. We then obtain for a single scalar eigenmode
or equivalently kB(
. In order to relate these metric perturbations to the local expansion and curvature we next consider their implications for the Einstein tensor.
C. Einstein Tensor Perturbations
With the decomposition (7), the perturbation to the Einstein tensor can be written as
where the individual components are given by
Each of these G components of the Einstein tensor contain up to second derivatives of the metric potentials.
D. Gauge
The general decomposition of the scalar components of the metric and Einstein tensor perturbations in the previous sections applies to any gauge. However, the values of the individual components of course depend on the gauge and we shall see below there are special gauges for which the association of a local FRW background is the closest.
Under a gauge transformation, or diffeomorphism, x µ → x µ + ξ µ , the scalar metric perturbations transform as
where we have split the diffeomorphism parameter as ξ µ = (T, LQ i ). Here and throughout when highlighting scalings, we employ dimensionless e-fold derivatives
The variables T and L define the change in the time slicing and threading of the gauge, respectively. Between any two gauges that are fully fixed, T and L are uniquely defined.
Despite the fact that the metric potentials, as components of a tensor, manifestly transform under a diffeomorphism, and therefore take different numerical values in each gauge, we use the same symbols {A, B, H L , H T } or {G ρ , G v , G p , G π } to parameterize the metric and Einstein tensor in any gauge. For example the lapse perturbation, A, in a gauge that is completely fixed is a perfectly well defined geometric quantity when viewed as a spacetime object in its own right but is not equal to the lapse perturbation in a different gauge.
To avoid confusion, when we specify relations that apply only to a specific gauge below, we will assign special variables to the components; for example we call the lapse perturbation in comoving gauge ξ = A| com below. Since a gauge transformation between two fixed gauges is a one-to-one transformation that uniquely defines T and L, a perturbation in one gauge may always be written as a unique combination of the variables in a different gauge, e.g.
where T is specified in this case by Eq. (51) below. Combinations of variables of this type are often called "gauge invariant" or "Bardeen" variables in the literature. Since the gauge-fixed and Bardeen variables, thought of as scalar functions in the spacetime, represent the same geometric objects-and take on the same numerical valueswe use the same special symbols for both, e.g. ξ in the example above. We simply give T and L from which the Bardeen representation can be obtained with Eq. (13).
E. Local Expansion and Curvature
We would now like to assign a geometric interpretation to the components of the Einstein tensor in the 3+1 decomposition. In order to do this, we note that the covariant derivative of a unit timelike vector can in general be decomposed with the help of the induced metric
into the expansion
vorticity
shear
and acceleration
of the vector field such that
For the particular vector n µ = (−a(1 + AQ), 0) which is normal to constant time surfaces, ω µν = 0, σ 00 = σ 0i = 0 = a 0 with (see e.g. [19] )
where the amplitude of the shear is
and we isolate particular terms in the expansion
for reasons that we will now make clear [4] . We can now use these relations to interpret the components of the perturbed Einstein tensor, starting with G ρ . In an FRW background the G ρ component represents the metric side of the Friedmann equation. In order to generalize this to the perturbed case, we must define the local Hubble rate. Geometrically, the local volume expansion in an isotropic universe is the fractional change per unit proper time, τ , of the cube of the local scale factor, d ln a 3 W /dτ , seen on the worldline of an observer at fixed spatial coordinates. Therefore, we should define the local Hubble rate in a perturbed universe, H W , using the expansion rate of the volume on spatial slices as
where we have defined
Here and below the subscript "W " denotes a local windowed average on scales much smaller than the wavelength of the perturbation. Note that this expression takes the form of the background Hubble parameter, plus a perturbation. The term proportional to A comes from the conversion from proper time of the local observer through conformal time to cosmic time dτ = a(1 + AQ)dη = (1 + AQ)dt. The remaining piece can be attributed to the change in the difference between the e-folds of the local and global expansion,
per unit cosmic time. Note that Eq. (23) defines ln a W only up to a constant, which just amounts to choosing a normalization epoch for the local scale factor. We choose this constant so that a W = a at some suitable initial epoch.
By defining H W in this more general way utilizing the volume expansion we also allow shear or anisotropic perturbations, even though they do not exist in the FRW case. Conversely, in these cases the separate universe ansatz is taken to mean that angle-averaged local observables are indistinguishable from those in the separate universe. Furthermore, note that the observers that define the local expansion in this section need not be geodesic observers, though in §III we use geodesic observers to define the separate universe condition.
Next we consider the perturbation to the scalar Ricci 3-curvature on this slicing
In this sense H L + H T /3 is the potential for curvature fluctuations.
Combining the expressions for the perturbed Hubble parameter and the perturbed 3-curvature, we can write G ρ as
which combined with the background, Eq. (2), takes the locally resummed form −3H
W /6 we can write the local Einstein tensor as
where the local curvature is given explicitly by
which defines the local curvature fluctuation to linear order as
Note the last term is non-zero only if K = 0 and is associated with the difference between a non-zero background curvature that comoves with the global or local expansion. If we take k 2 3|K|, both δN and H L + H T /3, which we would consider a curvature potential in the opposite limit, are themselves curvature perturbations, i.e. fractional changes to the background curvature, K. In Ref. [22] , this association was exploited to map a k = 0 fractional change in the background curvature, K, onto the Newtonian gauge potentials (see §IV B) in order to relate the dynamics of the perturbations for k 2 3|K| to that of the background. Since we seek to define the local expansion for wavelengths that are larger than the horizon but smaller than the curvature scale, we do not utilize this approximation here. Where no ambiguity should arise, we occasionally use the shorthand convention of the literature and call the curvature potential perturbation H L +H T /3 a curvature perturbation even for k 2 3|K|. If the local expansion for a given slicing behaves as a separate FRW universe, then the local curvature of this slicing is constant, K W = δK = 0. However the geometric correspondence (29) holds regardless of slicing or the validity of the separate universe ansatz. The form simply reflects geometric labels that we put on the components of the Einstein tensor.
Note that according to Eq. (23), the curvature potential changes if the e-folding rate, δN , is not spatially uniform or if there is shear in the expansion Σ. If the shear is negligible then the change in the curvature potential can be computed from the change in e-folds, a technique that is known as the δN formalism, often employed in the context of inflation [4] .
Next let us interpret the Einstein tensor component G v . It has no analogue in a background FRW spacetime but using Eq. (31) for the local curvature perturbation, we can rewrite it as
G v takes δK , the evolution of the local curvature on the slicing, and combines it with the lapse perturbation A. We shall see below that comoving gauge sets G v = 0 to obtain a conservation law for the comoving gauge curvature potential. G p is related to the perturbation to the local acceleration of the expansion. From the long wavelength limit
we can see that
Note that the limit in Eq. (33) involves dropping the k 2 A term in G p . If the lapse A is set to zero by a gauge choice, as in synchronous gauge, then there is no restriction on k. More generally, a sufficient condition for (33) to be true is
The anisotropic G π term, like the G v term, does not exist for an FRW cosmology. At the perturbative level, it takes the form
(36) It is non-zero if there is a shear in the expansion, Σ, orshould the shear be set to zero as in Newtonian gauge below-if the lapse perturbation is not equal and opposite to the curvature potential.
As alluded to above, when fixing a gauge we will typically do it by specifying that one of these geometric quantities vanishes. It is therefore useful to give their gauge transformation properties explicitly
Notice that these quantities, along with the lapse perturbation, A, whose gauge transformation is given in Eq. (13), depend only on the time slicing. Therefore gauge conditions on these quantities define the time slicing through T and generally no more than one of these quantities may be set to zero by a gauge choice.
F. Effective Stress Tensor
Many relationships in the literature for how the curvature potential evolves assume general relativity and therefore are expressed in terms of the total stress energy of the matter. In order to connect with this language but remove the assumption of general relativity, it is useful to also relabel the Einstein tensor as an effective stress tensor
so that at the background level T 0 0 = −ρ and T i j = p whereas for the most general scalar perturbations
Note that this reinterpretation does not require that the Einstein equations hold, it is merely a convenient way of organizing the geometric object that is the Einstein tensor.
On the other hand, in general relativity these components correspond to familiar quantities in the actual stress tensor of all matter species, with δρ the energy density fluctuation, (ρ+p)(v−B) the momentum density, p the pressure fluctuation, and p π the scalar anisotropic stress.
For modified gravity theories, where the Einstein equation does not hold, we can view these effective stress energy components as simply a convenient relabeling of the G linear combinations of the metric perturbations and their derivatives, leading to a dual set of interpretations of their values as effective stress-energy components
Since ∇ µ G µν = 0 by virtue of the Bianchi identities, we can use the implied conservation equations
as dynamical relations between the metric components. These are "conservation" equations for the effective stress components. Substituting their metric definitions from Eqs. (9)- (12) and (41), we see that these relations are indeed identities and are automatically satisfied for the set of metric fluctuations {A, B, H L , H T } in any gauge.
To move between gauges, it is useful to note that the effective stress components-or equivalently the respective metric combinations, G-transform as
Note that π is gauge invariant in the full sense that the anisotropic stress takes the same value for all slicings and threadings. These transformation properties also apply to any component of real stress energy in the universe as they follow from the transformation properties of a tensor.
Likewise if there is a real component "a" of stress energy that is separately covariantly conserved, ∇ µ T µν a = 0, then its energy and momentum densities obey the conservation laws (42) . In particular it will be useful in the next sections to consider a component of non-relativistic matter initially at rest with respect to the expansion. In an arbitrary gauge, its conservation equations become
where δ m = δρ m /ρ m , p m = 0 and π = 0. Note that this component need not be associated with real matter in the universe. It could be a fictitious trace component with T µν m → 0 that has no impact on the expansion. Such a trace component simply defines a set of local observers. In this sense, all of our constructions here and in the next section are the same whether the metric is cast in Jordan or Einstein frame of a modified gravity theory or whether the true matter is minimally coupled to the metric. In Einstein frame, where e.g. cold dark matter no longer falls on geodesics of the metric, the component m is purely a device to establish a coordinate system of geodesic observers.
III. SEPARATE UNIVERSE AND CURVATURE CONSERVATION
In this section, we establish the conditions under which local angle-averaged observables in a perturbed universe are to good approximation those of a separate FRW universe defined by the local expansion and curvaturewhich we call the separate universe ansatz. These conditions take on various forms in various time slicings since in an exact FRW expansion the preferred slicing is simultaneously synchronous, comoving, uniform density, uniform e-folding and zero shear whereas in the perturbed universe, no single slicing can satisfy all of these properties simultaneously.
The primary condition, as discussed in §III A, is that the local curvature for synchronous observers initially at rest with respect to the expansion is conserved. In §III B, we show that this occurs when synchronous and comoving gauge approximately coincide, satisfying the condition that the comoving lapse perturbation is much smaller than the curvature potential. In §III C, we discuss the relationship between these equivalent conditions and the conservation of curvature on slicings of constant density or constant e-folding.
A. Synchronous Gauge
Local geodesic observers that are initially at rest with respect to the background expansion define a synchronous coordinate system. We use these observers to define the local FRW expansion. Conservation of the local curvature in this synchronous gauge is therefore the primary condition for the validity of the separate universe ansatz.
In a synchronous gauge, the time reparameterization freedom is used to fix A = 0 and the spatial gauge freedom is utilized to set B = 0. This is the coordinate system defined by a set of geodesic observers that synchronize their clocks. There is residual gauge freedom in defining which observers establish the synchronous coordinates. As discussed in §II F, we can take this set of observers to be tracer particles of non-relativistic matter, m, initially at rest with respect the expansion and possessing spatially uniform density. They subsequently fall on geodesics of the local metric and hence obey Eq. (44) . Over a distance that is short compared with the wavelength of the mode, synchronous coordinates coincide with comoving Fermi normal coordinates for an isotropic configuration (see e.g. [21] ).
From an arbitrary gauge, we can reach this synchronous gauge with
and Eq. (44), leaving a non-dynamical constant freedom in L that is fixed by demanding that the spatial coordinates are unperturbed initially. Using these relations in the gauge transformation equations allows us to represent the synchronous gauge perturbation variables in terms of the variables in an arbitrary gauge, i.e. the Bardeen representation. In particular, the matter velocity in this gauge vanishes v m | synch = v m +L = 0, but will not in an arbitrary gauge.
Let us give the curvature potential in this synchronous gauge a unique symbol
and define the remaining scalar metric perturbation as h L ≡ 6H L | synch . From this point on in this section all quantities are evaluated in this synchronous gauge unless otherwise specified. Using Eq. (31), the local curvature that the observers would define is given by K W = K + δKQ where
In order for the separate universe ansatz to hold exactly, we must have δK = 0. From Eq. (32) we can see that this condition is equivalent to requiring G v = 0. From the association of the momentum term in the effective stress (41), we see that this condition geometrically means that the effective velocity vanishes, v = 0. Since this is the gauge where v m = 0, the gauge invariant condition is is that the effective matter comoves with the synchronous matter: v − v m = 0. In other words, the validity of the separate universe approximation rests on whether synchronous gauge and comoving gauge coincide. Conversely, the local curvature evolves only if the effective matter moves away from the geodesics that define the synchronous observers.
Moving away from this exact statement, we can define a condition under which the separate universe ansatz holds approximately, which only requires that the fractional change of δK per e-fold is small: |δK | |δK|, so that
When K = 0, this reads
Recall that the effective momentum conservation equation (42) provides the evolution equation for v aH k
so we see that the conditions (48) and (49) restrict how much the effective stress gradients are allowed to generate momentum and move the effective matter off the synchronous geodesics. We will establish the relationship between this condition and the equivalence of synchronous and comoving gauge next.
B. Comoving Gauge
Comoving gauge is useful in that the separate universe condition can be phrased as simple algebraic relations rather than the pair of synchronous relations, Eq. (49) and (50). Since Eq. (32) for G v involves δK , taking comoving slicing where G v = 0 gives an evolution equation for the curvature fluctuation. To get to comoving gauge from an arbitrary slicing, we apply the time shift
In this slicing, the effective momentum density vanishes, T 0 i = 0, and hence comoves with the coordinates, v = B (see Eq. 41). Let us give unique symbols for the curvature potential and lapse which are fully fixed by the slicing
From this point on in this section all quantities are evaluated on comoving slicing unless otherwise specified. From Eq. (32) we obtain the curvature evolution equation
The curvature on comoving slicing is conserved if the lapse is sufficiently small in comparison
We can alternately express this lapse condition in terms of the curvature potential by eliminating δN in favor of the shear
For K = 0 this reduces to the simple condition that |ξ| |R| and we shall below (see Eq. 61) that assuming |ξ| |R| generically implies |Σ| |R| above the horizon. We therefore for convenience refer to the lapse condition as
for k 2 |K| and |K| (aH) 2 , i.e. for all relevant scales to be below the background curvature scale. More generally Eq. (54) is the direct and precise statement and does not require any condition on K.
The utility of working in comoving slicing is that we can simply state the condition for curvature conservation as algebraic relationships between the metric variables. To further establish the connection with the separate universe condition, we can specify the threading to fully fix the gauge, even though it does not enter into the lapse condition. A convenient choice is "comoving threading," so that G i 0 = 0. In this case v| com = 0 and we can reach this gauge from a gauge with finite v by a diffeomorphism withL = −v. This does not uniquely fix the threading since it allows an arbitrary time-independent diffeomorphism L = const. which shifts the coordinates by δx i ∝ Q i (x), but we again fix this ambiguity by taking the coordinates to be unperturbed initially.
When the lapse condition Eq. (56) is satisfied, this fully-fixed comoving gauge approximately coincides with synchronous gauge.
More explicitly, defining synchronous observers as in §III A, following the same geodesics as freely falling matter, the synchronous gauge curvature is given in comoving variables by
and matter conservation, Eq. (44), gives
where the condition that the matter is initially at rest fixes the integration constant. Combining these equations, we see that the curvatures in the two gauges are the same, −η T ≈ R, when the comoving lapse condition |ξ| |R| is satisfied. We emphasize that in general comoving slicing and synchronous slicing will not coincide, since G v = 0 and A = 0 both define the time slicing. However it is precisely the case where they approximately coincide due to the comoving lapse condition that the separate universe ansatz holds.
The condition (56) is nice because it is a purely geometric test for when the comoving curvature will be conserved (and hence, when the separate universe ansatz holds). However, it is sometimes helpful to think in terms of the effective stresses on the metric, so we can also express the lapse condition in terms of algebraic constraints on the effective stress tensor. In particular the momentum conservation equation (42) gives an algebraic relation for the comoving gauge lapse in terms of the stresses [18] (ρ + p)ξ = −δp + 2
Thus the small lapse condition can be re-expressed as a comparison between the curvature perturbation and the stress perturbations in comoving slicing
for k 2 3|K|. In particular, on large scales k/aH 1, the comoving curvature is still conserved even if there is an effective anisotropic stress p π that is of order the isotropic stress fluctuation δp as long as both are suppressed by powers of k/aH compared with the curvature (cf. [21] ). This also includes any contribution from non adiabatic pressure, δp − (p /ρ )δρ. Furthermore since p π is the source of shear in the expansion Σ through Eq. (41), the comoving lapse condition (56) also generally implies
We shall see next that although the lapse condition (56) generically implies the shear condition (61) the converse is not true and leads to another perspective on the conservation of curvature above the horizon.
C. Uniform Density Gauge
A related, but fundamentally different, criterion for the conservation of curvature can be obtained from the uniform density gauge of a real density component "a" whose stress energy is separately conserved: ∇ µ T µν a = 0. If this component has a barotropic equation of state p a (ρ a ), then choosing a gauge where δρ a = 0 sets δp a = 0 as well. The continuity equation (42) then becomes an evolution equation for the curvature [4] .
For simplicity and definiteness let us assume that the component is the nonrelativistic matter of Eq. (44), a = m. Again this need not be a component of real matter that impacts the expansion. It merely establishes the coordinate system.
The spatially uniform density condition defines the slicing of the gauge and the gauge transformation from any other gauge is given by
In order to fix the threading of the gauge, we set H T = 0 and call the curvature potential in this gauge ζ m , the lapse perturbation A m , and the shift perturbation B m . The curvature in this gauge is related to the curvature and matter density perturbations in an arbitrary gauge as
The curvature potentials only agree for conditions and gauges where the density fluctuation is already small compared with the curvature potential. Then the shift to constant density slicing does not significantly change the curvature. From this point on in this section all quantities are evaluated in uniform density gauge unless otherwise specified. The benefit of this gauge is that the matter continuity equation (44) provides the evolution equation for the curvature
so that the condition for conservation becomes
Though this condition (65) can be stated independently of the Einstein equation, its domain of validity in k cannot without knowing the dynamics that sets the relative amplitudes of ζ m and v m . In this sense it is no different than the analogous synchronous gauge condition (49) or the comoving lapse condition (56).
To probe the differences with the other conditions, we can again examine the momentum conservation equation (44) 
so that
For |ζ m /ζ m | 1, both the lapse, A m , and the shift, B m , must be in some sense small. On the other hand, their amplitudes can be as large as the curvature itself, ζ m , and still allow |ζ m /ζ m | 1 as k/aH → 0. This condition on the metric is apparently weaker than the comoving lapse or synchronous conditions. For example in a multi-fluid system with isocurvature modes, the curvature perturbations, ζ a , in the constant density gauges of each component, a, are conserved outside the horizon even when the comoving curvature R is not [4] .
More explicitly, in our context the conservation of ζ m does not necessarily imply conservation of either R or η T . To see this, we can take the derivative of Eq. (63) and use the matter continuity equation (44) in an arbitrary gauge
This equation does not relate the evolution of the curvature perturbation in any other gauge to the evolution of ζ m precisely because H L + H T /3 drops out of the right hand side. Thus, we see that conservation of the curvature in constant density gauge as k/aH → 0 relies on the condition that the shear is much less than the curvature in amplitude |Σ| |ζ m |. In the previous section we showed that the lapse condition generally implied the shear condition above the horizon. Since the converse is not necessarily true, the shear condition alone does not establish the separate universe condition for geodesic observers. For example when |Σ| |ζ m | but |A m | ∼ |ζ m |, the local FRW coordinate system constructed from synchronous observers would still violate the separate universe criteria. Using the gauge transformation to synchronous gauge from constant density gauge and the continuity equation (44) we can obtain the evolution equation for the synchronous gauge curvature:
so that η T can evolve significantly even if ζ m does not as k/aH → 0 if |A m | ∼ |η T |. For the two conditions to coincide, it must be the case that |A m | |ζ m | which is again a condition on the lapse rather than on the shear.
In fact, we can interpret and generalize the relationship between curvature and shear by recalling that Eq. (23) also provides an evolution equation for the curvature potential in terms of the change in e-folds δN and the shear in an arbitrary gauge
Thus in a uniform e-folding gauge, where δN = 0, the curvature only evolves if there is shear in the expansion. Uniform density gauge for any matter component with a barotropic equation of state is a constant e-fold gauge as k/aH → 0, if the density only evolves because of the change in the spatial volume rather than the momentum density of the matter. Observers on fixed spatial coordinates will then see a local expansion that conserves the local curvature. However, since the shear condition does not guarantee they are geodesic observers, we do not consider uniform e-folding gauges further.
IV. SEPARATE UNIVERSE SCALE
The comoving lapse condition, or the equivalence of synchronous and comoving gauge, provides general conditions for the conservation of curvature and the validity of the separate universe ansatz but does not directly provide a physical scale above which they are satisfied. To get further insight on this question, there are two general approaches one can take. The first is to parameterize relationships between the effective stress-energy and metric which we discuss in §IV A. This has the benefit of generality, as it applies to cases where the matter is non-minimally coupled and reduces to well-known results in general relativity when the effective stress-energy is the actual matter stress-energy. The second, which we discuss in §IV B, is to parameterize relationships between the actual stress-energy of matter and the metric, i.e. the modifications to the Einstein equations applicable to wide class of modified gravity models [25] [26] [27] [28] [29] [30] [31] 35] .
A. Comoving Jeans Scale
The separate universe condition (56) expressed in comoving gauge is that the lapse perturbation must be much smaller than the curvature potential. The lapse itself is directly related to the effective stresses through Eq. (59). We therefore need to make a connection between the curvature and the effective stress-energy to close the system and determine the scale or domain of validity of the separate universe ansatz. In this section we express all perturbations in terms of the comoving gauge quantities.
Using the
We can eliminate δρ by defining the sound speed on comoving slicing as
and relate it to R ≈ ξ by defining an analogous "Jeans" speed that includes anisotropic stress
Finally, we can eliminate Σ by taking the derivative of Eq. (71) and using the G p effective stress energy equation (41) in the form
to obtain the equation of motion for R 
There are two generic cases of interest. If the integrand is growing with a then the integral term will be dominated by the last few e-folds and its contribution to R will scale as ∼ (c s k/aH) 2 R. If the integrand receives its contribution mainly from earlier epochs then the integral will be constant or at most logarithmically growing with a and play a role similar to the constant of integration term.
In both cases, if |c with p > 0 then R will be nearly constant over the efold time scale if |c s k/aH| 1. This is the normal case where the comoving curvature is conserved outside the sound horizon. If p ≤ 0 then R can grow with a, allowing R to change significantly outside the sound horizon. This phenomenon occurs in inflation when the background is rapidly approaching de Sitter on a nearly flat potential [36] and violates the separate universe condition and hence the consistency relation between the power spectrum and bispectrum [37] . Other cases of a growing 1/a 3 H were given in Ref. [38] where there is excess kinetic energy in the field beyond that expected from the local slope of the potential on the attractor.
In the case where anisotropic stress dominates, |c play the role of closure relations, similar to equations of state for the matter in general relativity with a single matter fluid, in general they need not have any correspondence to the true matter equations of state, nor are they specified by matter content and background alone. For example even in Einstein gravity c 2 s is defined as the ratio of the total pressure perturbation to the total energy density perturbation on comoving slicing, which is defined by the total matter. In a multi-fluid case, this does not correspond to the sound speeds of the individual components. In the presence of isocurvature modes, c s defined in this way can be very large, c 2 s 1, because the energy densities of the multiple components can cancel, and R can evolve by a significant amount arbitrarily far outside the horizon.
Another interesting case is that of the cuscuton model, where the kinetic term of the k-essence field in the Lagrangian carries no energy density fluctuations [39] . Hence in the time slicing where the field is spatially uniform, or equivalently comoving slicing with respect to the field, the finite pressure fluctuation and zero energy density fluctuation implies an infinite sound speed. However, in the presence of other matter components, the sound speed of the total matter remains finite if there is an additional normal matter component and one can again define a comoving sound horizon above which R is constant. The comoving sound horizon therefore grows beyond the horizon as the universe enters late-time acceleration due to field domination.
In both the flat roll and cuscuton examples, we can trace the origin of the violation of the separate universe condition to the more direct relation (60) and the simple and general criteria that the lapse perturbation should be smaller than the curvature potential Eq. (56). Since
the impact of stress fluctuations on the evolution of the comoving curvature is enhanced if the expansion rapidly approaches de Sitter at negligible background curvature. In models where the Einstein equations no longer hold between the true matter and the metric these definitions still hold but c 2 s and c 2 J depend on the modification to gravity and hence need not bear any relationship to the equations of state of the matter components alone.
B. Parameterized Gravity
A second approach to developing a sense of scale for the separate universe beyond general relativity is to parameterize modifications through relations between the true matter stress energy and the metric variables. This approach usually assumes that the true matter is minimally coupled to the metric and so we restrict ourselves to minimal coupling in this section alone.
Parameterizations of this type are most commonly done in conformal Newtonian gauge, so we begin by reviewing its properties. In conformal Newtonian gauge we take a shear-free slicing, Σ = 0, and isotropic threading: specifically A ≡ Ψ, B = 0, H L ≡ Φ and H T = 0. The diffeomorphism parameters to get to conformal Newtonian gauge from an arbitrary gauge are
From this point on in this section all quantities are evaluated in this conformal Newtonian gauge unless otherwise specified. In this gauge the anisotropic component of the Einstein tensor is
Consequently, the first parameterized modification to the Einstein equation, motivated by scalar tensor theories which change the ratio γ ≡ −Φ/Ψ = 1, even in the absence of matter anisotropic stress, is to allow this relationship to be general γ(a, k). Note that in the effective stress language, this means that there is an effective anisotropic stress that is parameterized in terms of the metric as
which is often called the gravitational slip [35] . This generalization does not in and of itself restrict the separate universe criteria but rather restricts the evolution of Φ and Ψ, given that of γ. To see this, we can write the comoving curvature in Newtonian gauge variables, where it takes the form
In a spatially flat (K = 0) background, which we will assume for the rest of this section, this becomes
If we now take the curvature to be conserved, R = 0, we obtain a consistency relation between the metric potentials [40] 
Note that the compatibility of gravitational slip with the separate universe criteria can be seen directly in comoving gauge. Recall that an effective anisotropic stress π/R ∼ (k/aH) 2 did not violate the separate universe criteria. For example in general relativity, in the radiation dominated epoch γ = 1, due to neutrino anisotropic stress and yet we can take inflationary curvature predictions at horizon exit as fixed outside the horizon. Conversely it is not correct to say that the curvature conservation allows gravitational slip but strictly forbids anisotropic stress (cf. [21, 22] ).
The second parameterization involves the relationship between the true matter variables and the metric. Consider again the case where the true matter is nonrelativistic, initially at rest with respect to the expansion, and falls on geodesics of the metric. The matter then defines a synchronous coordinate system and its curvature can be written in Newtonian variables as
If the synchronous curvature is conserved, η T = 0, then Eq. (83) also holds by differentiating Eq. (84) and employing momentum conservation of the matter
Of course, these are equivalent because conservation of either η T or R implies that synchronous and comoving gauge coincide. In fact in the modified gravity literature [27, 29, 31] , the curvature on synchronous or matter comoving slicing is often denoted R or ζ when radiation is negligible. With radiation, it is common to employ these variables as the curvature on comoving slicing of the total matter [28, 30] . The way the we have defined R here only coincides with these alternate definitions when the separate universe condition applies. Note further that in terms of the effective velocity, v, the comoving gauge potentials can also be written in Newtonian variables as 
to relate this quantity to v m , let us define the synchronous-or matter comoving gauge-density perturbation ∆ m = δ m | synch using the Newtonian gauge density variables
Combining these equations with the matter conservation equations, we obtain
In order for the separate universe condition to hold, we must have v m ≈ v. Sufficient conditions for this to be the case are
if the matter is separately conserved. The latter condition is typically implemented phenomenologically by relating ∆ m and Ψ through a "modified Poisson equation" [29] [30] [31] 35 ]
where µ(a, k) parametrizes the general relation. In this case the second condition (90) is generally satisfied if
unless Φ ≈ Ψ. In this sense, conservation of curvature as k → 0 requires only matter conservation and very mild assumptions about how matter density sources metric fluctuations. Although the µ, γ parameterization is very general, just like the sound speeds of the effective stress in the previous section, the functions are in general determined not just by the background but by the solutions of the perturbation equations themselves. For example, in the case where dark energy is an additional scalar field with a sound horizon, µ(a, k) encodes the effect of its stress energy on the metric.
There is also a hybrid approach that merges the effective stress and parametrized gravity approaches. In this case the effective stress is formally separated into a "dark energy" component "e" and the normal matter components "a"
Though this is fully general for matter whose joint stressenergy tensor is covariantly conserved, the conservation equations ∇ µ T µν e = 0 implied by the Bianchi identities require closure relations to complete. One approach to these closure relations is to construct them to return µ and γ for modified gravity [27, 28] or mimic those of an actual physical component of dark energy [41] .
Another approach is to parameterize the modifications to gravity at the level of the lagrangian of an effective field theory or ADM formalism for the scalar-tensor perturbations [26, [42] [43] [44] [45] [46] . In this language, conservation of the curvature in unitary or uniform scalar field gauge as k → 0 is enforced by the structure of the lagrangian-or equivalently, the implied closure relations for the stressenergy of the effective dark energy component. Unitary gauge and comoving gauge differ in models with kinetic braiding [47] but the gauges do coincide for adiabatic fluctuations as k → 0. We defer a treatment of the scale associated with these asymptotic behaviors to a future work [48] .
In all cases and parameterizations, the primary consideration for the validity of the separate universe ansatz is that lapse in comoving slicing is smaller than the curvature or equivalently the effective matter comoves with synchronous observers.
V. DISCUSSION
We have established purely geometric or metric based criteria for the validity of the separate universe ansatz. Based on identifying the local volume expansion and curvature in a long-wavelength perturbation with the global quantities for the background of a homogeneous separate universe, we have shown that the criterion is that the lapse is much smaller in amplitude than the curvature potential on comoving slicing where the Einstein tensor G 0 i = 0. In this case, the Einstein tensor when interpreted as an effective stress-energy tensor "comoves" with the freely falling synchronous observers which establish the local expansion so that the local curvature is conserved.
In general relativity, this condition reduces to the familiar notion that the total matter comoves with synchronous observers if only gravitational forces act. The lapse condition therefore is equivalent to the statement that comoving gauge and synchronous gauge coincide. This condition allows anisotropic local expansion of the volume or equivalently anisotropic effective stress that is as large as their isotropic counterparts as long as they are both smaller than the curvature potential. In this case, the local universe behaves like a separate universe for angle-averaged observables.
The comoving lapse condition provides a general prescription for when the evolution of small-scale observables in the presence of a long-wavelength fluctuation can be approximated as evolving in a separate FRW universe. While the long-wavelength mode considered here must still be in the linear regime, the small-scale observables do not since this equivalence is holds nonlinearly. As in the case of general relativity, by matching the expansion history of the synchronous observers to the background, we can provide simple and accurate predictions for these observable effects through small-scale cosmological simulations but now in any modified gravity theory that obeys this condition.
This equivalence leads to consistency relations between changes in cosmological parameters and observable responses to perturbations, for example through the angleaveraged squeezed N -point correlation functions or the bias of dark matter halos. It would be interesting to work out the detailed statements of these relations for certain gravitational theories. Violation of these consistency relations indicate new physics beyond that encapsulated by the cosmological background. We have also determined the scale at which these violations could occur as a function of the metric perturbations themselves.
Even below the scale at which the separate universe ansatz fails, observables that respond directly only to the local expansion history and not the local curvature can be accurately modeled by matching the former through "fake" stress energy components designed to mimic the effects of evolving curvature. These include the squeezed N -point correlation functions and the halo bias in dynamical dark energy models as has been explicitly tested in simulations [32, 33] .
In a modified gravity theory with screening mechanisms on small scales (see, e.g. [49] ), the same principles should hold so long as the inhomogeneity of the longwavelength mode does not enter directly through its spatial derivatives. We leave these considerations to a future work.
